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Abstract. We examine quantum extensions of the continuous Painleve equations, expressed 
as systems of first-order differential equations for non-commuting objects. We focus on the 
Painleve equations II, IV and V. From their auto-Biicklund transformations we derive the 
contiguity relations which we interpret as the quantum analogues of the discrete Painleve 
equations. 
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1 Introduction 

The word "quantum" used in the title needs some qualifying. Historically, this term was intro- 
duced in relation to the discreteness of the spectrum of operators like the Hamiltonian and the 
angular momentum. However, with the blossoming of quantum mechanics, its use was generali- 
sed to the description of non-classical objects, typically non-commuting operators. It is in this 
sense that we are going to use the term quantum in this paper: namely, for the description 
of equations where the various components of the dependent variable do not commute among 
themselves. 

In this paper we shall focus on integrable equations involving non-commuting variables. Their 
interest, in particular, as far as quantum field theories are concerned, is obvious. A large lite- 
rature exists concerning supersymmetric or just fermionic extensions of integrable evolution 
equations. It is now clear that the special properties which characterise integrability can be 
extended to the case where the dependent variable involves fermionic as well as bosonic compo- 
nents. 

The quantisation of low dimensional integrable Hamiltonian systems has been the object 
of extensive investigations by Hietarinta and collaborators HUE]. It was shown, in particular, 
that the preservation of integrability in a quantum setting often necessitates the introduction of 
purely quantum (i.e., explicitly h dependent) terms in both the Hamiltonian and the invariants. 
In some cases, these terms can be absorbed by the proper ordering and the introduction of 
a non-flat space metric. However, it is not clear whether this suffices in all cases. 

The "quantum" extension of (continuous) Painleve equations has been introduced by one of 
us (HN) in [9j[10]. For these paradigmatic integrable systems, integrability is not related to 
the existence of invariants, but rather to the fact that these nonautonomous equations can be 
obtained as the compatibility condition of a (an overdetermined) linear system, the Lax pair. 
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(Incidentally, Novikov [12] refers to this compatibility condition as a quantisation condition for 
the spectral curve and thus the deautonomisation process can be considered, in some formal 
sense, as a first kind of quantisation.) 

Starting from "quantum" continuous Painleve equations we shall derive their contiguity re- 
lations which, as already shown in the commuting case, can be interpreted as discrete Painleve 
equations [HH]. Quantum and discrete systems possess a common character as far as the phase- 
space of their dynamics is concerned. While in the former case the surface of an elementary 
cell is fixed by the relation AxAp = h in the latter case the elementary cell is rigidly fixed by 
Ax = Ap = 1 (in the appropriate units). The main difficulty in quantising discrete systems, 
integrability notwithstanding, lies in the fact that one must introduce a commutation rule con- 
sistent with the evolution [13]. This is a highly nontrivial problem. We have addressed this 
question in [3] and [16] where we have shown that for the mappings of the QRT [T2] family the 
following commutation rule 

xy = qyx + Xx + fiy + u (1) 

is consistent with the evolution (with the adequate choice of the parameters). Since discrete 
Painleve equations are nonautonomous extensions of the QRT mappings we expect rule ([1]) to 
be sufficient for the quantisation of the cases we shall consider here. 

In what follows, we shall analyse the "quantum" forms of continuous Painleve equations 
derived by one of us (HN) in [9] and use their auto-Backlund transformations so as to deduce 
their contiguity relations. Thus working with quantum forms of Pn, Prv and Py we will derive 
quantum forms for the discrete Pi, Pn, Pin and Prv- 



2 Non- commuting variables: some basic relations 

Before proceeding to the derivation of quantum discrete Painleve equations we should present 
a summary of our findings in [9]. Our derivation of quantum continuous Painleve equations 
consists in extending the symmetrical form of Painleve equations proposed by Noumi and Ya- 
mada |11] (see also Willox et al. [H]) to non-commuting objects. In the case of the quantum 
Pn equation we introduce three unknown operators /o, fx, jfe of t and two parameters olq, a\ in 
the complex number field C. The commutation rules are 

[fi,fo]=2hf 2 , [f ,f 2 ] = [f 2 ,f 1 ] = h. (2) 

(In a more physical parlance we can say that the h appearing in the commutation relations is 
the Planck constant). 

Generalising these relations to more objects so as to describe higher quantum Painleve equa- 
tions is straightforward. For a positive number I greater than 1, we introduce / + 1 c- number 
parameters a, (0 < i < I) and unknown operators fi (0 < i < I) with commutation relations 

[fi, fi+l] = h, [fi,fj]=0 otherwise, (3) 

where the indices 0, 1, . . . , I are understood as elements of Z/(Z + 1)Z. 

In the case of the quantum Pn equation, the evolution equations with respect to t for the 
unknown operators fi are 

dtfo = foh + hfa + "o, d t fi = -/i/ 2 - /2/1 + ai, d t f 2 = fi - fo, (4) 

and in the case of the quantum Prv equation, the quantum Py equation and higher Painleve 
equations, the evolution equations with respect to t for the unknown operators fi are: for I = 2n 
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(n> 1), 

dtfi =fi\ X fi+2r-X I - I X ^+ 2r I ^ + ( 5 ) 



l<r<n / \Kr<n 

and for / = 2n + 1 (n > 1), 



<9t/i — fi I ^ fi+2r-lfi+2s I ~ j X fi+2rfi+2s+l J /i 



, Kr<s<n / \ KKKn 



A- 



\ l<r<n J l<r<n 

where k = «o + • ■ ■ + a i- These (non-commutative) differential systems are quantization of 
nonlinear ordinary differential systems proposed by Noumi and Yamada in [11], and equal to 
quantization of Prv and Py for I = 2 and I = 3, respectively. 

In the introduction we have stressed the necessity for the commutation rule to be consistent 
with the evolution. All systems here are consistent with the corresponding evolution dt, namely 
the evolution dt preserves the commutation relations (|2j) for the case of the quantum Pn equation 
and ([3]) for the other quantum Painleve equations. 

The non-commutative differential systems (j3J), ([5]) and ([6]) admit the affine Weyl group 
actions of type Ay 1 ' , respectively, as well as the classical case. The actions are as follows. In the 
case of the quantum Pn equation, we have 

2 

«o(/o) = fo, s (/i) = fx- f2-r ~ -r-h ~ t|, s o(/2) = h + -A 

Jo Jo Jo Jo 

si(/o) = fo + h^j- + -r/2 - t|, si(/i) = /i, s x {f 2 ) = h ~ ir, 
Jx Ji j{ Ji 

«o(«o) = — "o, so(ai) = a\ + 2a , si(ao) = ao + 2ai, si(ai) = — ai, 
tt(/o)=/i, tt(/i) = /o, 7t(/ 2 ) = -/2, 7r(a ) = «i, vr(ai) = a . (7) 

The actions so, si and 7r preserve the commutation relations ([2]) and give a representation of 
the extended affine Weyl group of type , namely, they satisfy the relations 

S 2 = 1, 7T 2 = 1, 7TSj = Sj + l7T. 

Moreover the actions of sq, s± and it commute with the differentiation dt, that is, they are 
Backlund transformations of the quantum Pn equation. 

In the case of the quantum Prv equation (I = 2), the quantum Pv equation (I = 3) and 
higher quantum Painleve equations (I > 4), for i,j = 0, 1, . . . , I (/ > 2) we have 

(y. ' 

Si(fj) = fj + -fUij, Si(ocj) = otj - Oi<Hj, tt(/j) = f j+ i, 7r(ay) = a j+1 , (8) 

Ji 

where 

Ui,j±i = ±1, u m = 1, u ; = -1, Uij = otherwise, 

an = 2, a i)i±1 = -1, a m = a ol = -1, ay = otherwise. 

The actions of s, (i = 0, 1, ... , /) and 7r preserve the commutation relations ([3]) and give repre- 
sentations of the extended affine Weyl groups of type a9~' , namely, they satisfy the relations 

sj = 1, (sjSj+i) 3 = 1, SiSj = SjSi (j^i± 1), ir l+1 = 1, irsi = s i+1 ir. 
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Moreover the actions of s, (i = 0, 1, . . . , I) and ir commute with the differentiation dt, that is, 
they are Backlund transformations of the corresponding non-commutative differential systems. 

We stress that the auto-Backlund transformations preserve the commutation relations in each 
case so that a discrete evolution which is constructed from these auto-Backlund transformations 
also preserves the commutation relations. 

We remark that each differential system (JH), © or (J6j) has relations 

Wo + h + /!) = k 

for the quantum Pn case, 

dt (l>j = k 

for the I = 2n (n > 1) case and 

f 1 \ k 1 ( 1 \ k 1 

dt I hrj =2^2 f 2r > dt Yl f 2r+1 = 2 Y f 2r+1 

\r=0 / r=0 \r=0 / r=0 

for the I = 2n + 1 (n > 1) case, where /c = ao + «i + • • • + aj. For simplicity, we normalize k = 1 
in the following. 

3 The continuous quantum Painleve II 
and the related discrete equation 

As explained in Section 2 the Painleve II case can be obtained with three non-commuting objects 
/0) /i) /2 as described in (|2]) and parameters ao, ot\. From the dynamical equations 

fo = foh + /2/0 + ao, 
f{ = -hh ~ hh 
fi = h — /o) 

(where the prime ' denotes differentiation with respect to t), eliminating /q, f\ we obtain the 
equation for the quantum Pn 

/^ = 2/ 2 3 -t/ 2 + a 1 -a , 

which has the same expression as the commutative Pn- On the other hand, if we eliminate fo, / 2 
we find the quantum version of P34. We obtain 

n = Ijifi'fi - 4A 2 + 2th - - ^)/r x . 

The difference of this "quantum" version with the commutative P34 is clearly seen in the term 
quadratic in the first derivative (which would have been /{ 2 //i in the commutative case) but 
also in the last term. As a matter of fact, the coefficient of the term proportional to is 
a perfect square in the commutative case. The appearance of the — h 2 in the a\ — h 2 coefficient 
is a consequence of the non-commutative character of the /j's. 

In order to derive the discrete equation obtained as a contiguity relation of the solutions of 
the quantum Pn we shall use the relations (|7|) presented in the previous section. We define an 
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evolution in the parameter space of Pn by / = s±7vf and as a consequence the reverse evolution 
is / = nsif. Using the relations ([7]) we find 

h+h = (9) 

and 

h + h = t- fl (io) 

In the same way we compute the effect of the transformations on the parameters a. We find 
a.\ = ol\ + 1 (and similarly a,\ = a± — 1). Thus applying n times the transformation s\7r on a±, 
we find that ct\ becomes a\ + n. We eliminate f\ between the two equations ([9]) and (j lOf) and 
obtain an equation governing the evolution in the parameter space. We find 

«i(/2 + /2)- 1 + ai(/ 2 + /2)" 1 = t - fl 

This is the quantum version of the equation known, in the commutative the alternate 

discrete Painleve I. 



4 The continuous quantum Painleve IV 
and the related discrete equation 

We turn now to the case of the quantum Pry which is obtained from the equations presented in 
Section 2 for I = 2. Again we have three dependent variables /o, fi, fa- The quantum continuous 
Piv equation is 



fo = /0/1 


- /2/0 + "0 


fl = /1/2 


- /0/1 + "1 


f'2 = /2/0 


- /l/2 + "2 



which is very similar to the one obtained in the commutative case. It is interesting to eliminate 
/o and /2 and give the equation for f\. After a somewhat lengthy calculation we find 

fl = Ifif^fi + \fi - 2*/x 2 + (f + «2 - «o) /1 - i(a? - ^J/f 1 , 

where we have used the identity Yli fi = Again we remark that this equation, with respect 
to the commutative PiV) contains an explicit quantum correction. 

Before proceeding to the construction of the discrete system related to this equation we 
derive some auxiliary results. Starting from the action of Sj on /-,-, which from ([8|) is just 
Si(fj) = fj + ",./', '//,, we find fj) = T,j fj because J2j u ij = °- Similarly ^{Y.jfj) = 

Y2j fj ■ Thus Y2j fj i s conserved under any combination of the transformations ir and s i of ([8]) . 

We can now define the evolution in the parameter space just as we did in the case of the 
quantum Pn- We put / = sisoirf and for the reverse evolution is f = n^ 1 SQSif. Using the 
relations © we find 

/ 2 + /i + /2 = *-^ (11) 
h 

and similarly 



h + h + h = t + -±. (12) 

J2 
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We now study the effect of the up-shift operator on a\ and — Q2 which play the role of the 
independent variable. (The minus sign in front of 0.2 guarantees that the two equations have 
the same form). Using the relations in ([8|) and the fact that the sum of the a's is constant we 
find dii = ol\ + 1 and (—02) = (—02) + 1- Thus incrementing the independent variable under 
repeated applications of the up-shift operator leads to a linear dependence on the number of 
iterations. Still, since the starting point is different we have two free parameters. Thus the 
system (|lip , (|12[) is exactly the quantum analogue of the equation known (in the commutative 
case) as the "asymmetric discrete Painleve I", which is, in fact, a discrete form of Pn [5]. 



5 The continuous quantum Painleve V 
and the related discrete systems 

Finally we examine the case of the quantum Py, corresponding to the case I = 3 in Section 2. 
The quantum continuous Py equation is 

fo = /0/1/2 - /2/3/0 + Q - "2^ fo + "0/2, 

fi = /1/2/3 - /3/0/1 + \ \ - «3^ h + "1/3, 

f'2 = /2/3/0 - /0/1/2 + Q - f'2 + a 2 fo, 

fs = /3/0/1 - /1/2/3 + Q - "1^ h + 03/1- 

We remark that /0+/2 = (/o+/2)/2 and similarly f[+f$ = (/i+/s)/2. Thus two of the variables 
can be easily eliminated by introducing explicitly the time variable through the exponential e i//2 . 
Just as in the case of Pni and Piv we can eliminate one further variable and obtain the quantum 
form of Py expressed in terms of a single variable. In the present case it is more convenient to 
introduce an auxiliary variable w = 1 — e*/ 2 //o- We obtain thus for w the equation 



w = w 



1 ( 1 1 A / , / U 2 f a o ~ h2 , h2 ~ «2 
+ 7T~ ) W + [W — I) — iL — W + 



w - 1 2w J ' V 2 2w 



+ (a 3 -a 1 )e t w + e*^±^-. (13) 
2(1 — w) 

As in the previous cases, the equation (I13p contains an explicit quantum correction, with respect 
to the commutative Py, as well as a symmetrisation of the term quadratic in the first derivative. 

Just as in the case of commutative Py we can define several different evolutions in the 
parameter space giving rise to different discrete equations. For the first equation we introduce 
the first up-shift operator R = irs3S2Si from (|8|) for / = 3. If we define x = /0+/2 and y = /1+/3 
a careful application of the rules ([8]) shows that Rx = y and Ry = x. Next we introduce an 
auxiliary variable g defined by g = f 3 — aof^ 1 = y — fi — ao/o" 1 anc ^ we see ^ an equation in 
terms of the variables f\, fo, g. Calling / = Rf ', we find 

fi + fo = x (14) 

9 

complemented by the equation coming from the definition of g 



(15) 
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and finally 

9 + fo = x + ^. (16) 
Ji 

In order to introduce the proper independent variable we consider the action of R on the a's: 
So = ao+l, di\ = ot\ — 1, «2 = a.2 and 03 = 0:3. Thus we can choose 2 = ao (which grows linearly 
with the successive applications of R). The system ()14|) . (|15p and (|16p is the quantum analogue 
of the asymmetric, ternary, discrete Painleve I, which, as we have shown in [3] is a discrete 
form of the Painleve IV equation. (At this point we should point out that the alternating 
constants x, y do not introduce an extra degree of freedom. As a matter of fact by choosing 
an appropriate gauge of the dependent variables and rescaling of the independent ones we can 
bring these constants to any non-zero value). 

For the second equation we introduce a new up-shift operator T = si7rs3S2, the action of 
which is again obtained with the help of ([8]). The variables x and y are defined in the same way 
as in the previous paragraph and again we have Tx = y and Ty = x. An auxiliary variable is 
necessary in this case also and thus we introduce h = f% + a^/if 1 - We denote the action of T 
by a tilde: / = Tf. We seek an equation for f±, fi, h. We find 

f\ + f2 = x + . (17) 

The definition of h implies 

h + h = y+^ (18) 

72 

and finally we have 

f 2 + ~ h = x-^. (19) 
7i 

The action of T on the a's is a® = ao, «i = «i + 1, = «2 — 1 and 03 = 03. 

Combining the two systems above we can obtain a nicer, and more familiar, form. First, 
comparing (fT6|) and (fT9|) . we find that g = f2 + = x — h = T(y — h), or equivalently 

g = RT(y — h). We are thus led to introduce the operator S = RT, and we denote its action 
by a "hat" accent / = Sf. Subtracting (fT5|) from (fTHj) and eliminating g through the relation 
g = y — h, we obtain 

h + h = y + ^--^. (20) 
70 70 - x 

For the second equation we start from (|17p and apply the operator RT to it. We find 

h + h = x — (21) 

h 

where we have used the fact that RT(a2 + 03) = — («o + «i)- Next we subtract ([2T|) from (fT^|) . 
use the definition of x in order to eliminate f2 and find finally 

k + k = x + — + . (22) 

h — y h 

A careful application of the rules (JSj) shows that the action of the operator RT on each of the 
numerators of the fractions in the right hand side of (|20p and (|22p results in an increase by 
exactly 1 and thus an independent variable linear in the number of iterations of RT can be 
introduced. As in the case of the first system flHJ), (fT5|) and (fT6P presented in this section 
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the alternating constants x, y do not introduce an extra degree of freedom. A better choice 
of the dependent variables would be h — > h — y/2 and /q — > fo — x/2. Moreover, by choosing 
an appropriate gauge of the dependent variables and rescaling of the independent ones we can 
bring these constants to any non-zero value, for instance x = y = 2. The system now becomes 

JO + -L JO — ± 
, . ? «o + «3 , Qp + ai 

/o + Jo = ^ — — . (24) 

h-1 h + 1 

Under this form one recognizes immediately the structure of the "asymmetric discrete Painle- 
ve II" equation, introduced in [2] and which is a discrete analogue of Pm. Thus (|23p and ([2 
constitute the quantum extension of the latter. 



6 Conclusions 

In this paper, we have analysed the "quantum" forms of Painleve equations derived by one of 
us (HN) in [9] . The derivation consists in extending the symmetrical form of Painleve equations 
proposed by Noumi and Yamada to non-commuting variables. We have focused here on Pn, Piv 
and Py and derived their more "familiar" forms expressed in terms of a single variable. The non- 
commutative character manifests itself in the fact that the dependent function does not commute 
with its first derivative. As a consequence (and despite the fact that a symmetrised form of 
the term quadratic in the first derivative is used) explicit quantum corrective terms appear 
in the equation, proportional to the square of the Planck constant. Using the auto-Backlund 
transformations of the continuous Painleve equations we derive their contiguity relations which 
are just the quantum forms for the discrete Pi, Pn, Pin and Prv- 
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